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The spin-wave (SW) NOON state is an N-particle Fock state with two atomic spin-wave modes
maximally entangled. Attributed to the property that the phase is sensitive to collective atomic
motion, the SW NOON state can be utilized as a novel atomic interferometer and has promising
application in quantum enhanced measurement. In this paper we propose an efficient protocol to
deterministically produce the atomic SW NOON state by employing Rydberg blockade. Possible
errors in practical manipulations are analyzed. A feasible experimental scheme is suggested. Our
scheme is far more efficient than the recent experimentally demonstrated one, which only creates a
heralded second-order SW NOON state.
PACS numbers: 42.50.-p, 42.50.Dv, 32.80.Ee, 32.80.Qk, 37.25.+k, 03.75.Dg
I. INTRODUCTION
The NOON state, an N -particle Fock state with two
modes maximally entangled, has attracted many inter-
ests since it has the potential to enhance the measure-
ment precision by employing quantum entanglement [1].
Attributed to the property of superresolution and super-
sensitivity, the NOON state has been experimentally re-
alized in various photonic systems [2–5]. Recently, a new
type of NOON state - the atomic spin wave (SW) NOON
state - was proposed, and a heralded second-order SW
NOON state as well, was experimentally demonstrated
[6]. The scheme [6] employs Raman transitions to gener-
ate the atom-photon entanglement and the SW NOON
state is created in a herald way by detecting the photons.
The SW NOON state can be used as an atomic SW in-
terferometer and can in principle be implemented in a
scalable way. However, owing to the probabilistic nature,
this SW interferometer works in a very low efficiency and
thus cannot be put into practical measurement.
In recent years, the Ryberg atom draw extensive con-
cern in quantum information processing [7]. It has large
size and can exhibit large electric dipole moment. This
property introduces strong interactions between two Ry-
dberg atoms. Consequently, in a small volume, when an
atom is excited to the Rydberg state |r〉, the energy level
of state |r〉 for other atoms will be shifted by ∆e. There-
fore, the probability for other atoms being excited to |r〉
is suppressed by a factor of 1/∆2e. In the limit ∆e →∞,
only one atom is excited to |r〉. This is the so-called Ry-
dberg blockade mechanism. The Rydberg blockade has
been proposed to deterministically implement quantum
computer and quantum repeater [8–16].
In this paper, we propose an efficient way to implement
the SW interferometer by deterministically generating
the SW NOON state with Rydberg blockade. An elabo-
rate error analysis shows that the 20th-order SW NOON
state can be generated with 91% fidelity under realistic
parameters, and accordingly a high fidelity SW interfer-
ometer with F ≈ 82% can be realized. This Rydberg-
based SW interferometer is much more efficient than the
one based on photon detection and might be used as an
inertial sensor, for measuring position and displacement,
or further, for measuring acceleration and platform rota-
tion. The remaining of this paper is organized as follows.
Sec. II describes an envisioned setup and presents the
scheme to generate and measure the SW NOON state.
Error analysis in practical implementations is given in
Sec. III. Experimental realization is suggested in Sec. IV,
and finally we conclude in Sec. V.
II. PROTOCOL
We envision a setup as illustrated in Fig. 1(a). An
ensemble ofN atoms is confined in a volume V , where the
blockade mechanism is effective. In other words, the scale
of V is smaller than the blockade radius. The working
atomic energy levels are chosen to be of the double-Λ
type, as shown in Fig. 1(b). They are labeled as the
ground state |g〉, the Rydberg state |ra〉, |rb〉, and the
metastable state |sa〉, |sb〉. The atoms are coupled by
four types of classic light pulses propagating along two
spatial modes a, b, whose wave vectors are denoted as
kgra , krasa , kgrb and krbsb respectively. They will also
be used to denote the corresponding light pulses if no
ambiguity arises. These light pulses couple |g〉 and |ra〉,
|ra〉 and |sa〉, |g〉 and |rb〉, and |rb〉 and |sb〉 respectively,
as illustrated in Fig. 1(b).
Before giving the detailed scheme, we shall first in-
troduce some definitions. We define a collective ground
state |0〉 ≡ |g...g〉, a collective operator M †
k,ǫ ≡
1√
N
N∑
j
eik·rj |ǫj〉〈g|, and |1,k〉ǫ (ǫ = ra, rb, sa, sb) to de-
2scribe a collective state with wave vector k,
|1,k〉ǫ ≡ 1√
N
N∑
j
eik·rj |g...ǫj ...g〉 = M †k,ǫ|0〉. (1)
Namely, state |1,k〉ǫ is a coherent superposition of states
which have a specific atom at |ǫ〉 with the position-
dependent phase under the wave vector k. The same
applies to the higher-order collective state |ℓ,k〉ǫ ≡
1√
ℓ!
(M †
k,ǫ)
ℓ|0〉ǫ, with ℓ a positive integer. On this basis,
a ℓth-order SW NOON state can be written as
|NOON〉ℓ =
1√
2
(|ℓ,k〉sa + |ℓ,k〉sb) . (2)
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FIG. 1: (Color Online) (a) An ensemble of N atoms trapped
in volume V. The atoms are coupled by four types of light
pulses, propagating along two spatial modes a, b. (b) The
double-Λ type energy levels. An effective energy shift ∆e
is introduced because of the strong interaction between the
atoms at the Rydberg states.
We first consider the ideal case by making the follow-
ing assumptions. (1), the atom number is exactly known,
i.e., ∆N = 0; (2), the Rydberg blockade mechanism is
perfect, i.e., ∆e → ∞; (3), the lifetime of the Rydberg
state is infinite and thus no spontaneous decay occurs;
(4), the atomic cloud remains still during the whole pro-
cess. On this basis, our scheme to generate a ℓth-order
SW NOON state can be described as
1. Prepare an ensemble at the ground state |0〉.
2. Apply sequentially a collective π pulse kgra and
a single-atomic π/2 pulse krasa . The former flips
one of the N atoms from |0〉 to the Rydberg
state |1,kgra〉ra and the latter flips |1,kgra〉ra to
the equal superposition of the first-order SW state
|1,kgrasa〉sa and |1,kgra〉ra , where kǫ1ǫ2ǫ2 ≡ kǫ1ǫ2−
kǫ2ǫ3 (ǫ1, ǫ2, ǫ3 = g, ra, rb, sa, sb). Accordingly, one
obtains
i|1,kgrasa〉sa + |1,kgra〉ra ,
where a relative phase shift π/2 is introduced.
3. Apply successively three collective π pulses kgrb ,
kgra and kgrb , which leads to
|1,kgrasa〉sa |1,kgrb〉rb − |1,kgra〉ra
⇓
i|1,kgrasa〉sa |1,kgrb〉rb + |0〉
⇓
i|1,kgrasa〉sa + |1,kgrb〉rb .
4. Apply in order a collective π pulse kgra and a
single-atomic π pulse krbsb , and a collective π pulse
kgrb and a single-atomic π pulse krasa , which re-
sults in
|1,kgrasa〉sa |1,kgrb〉ra − |1,kgrb〉rb
⇓
|1,kgrasa〉sa |1,kgrb〉ra − i|1,kgrbsb〉sb
⇓
|1,kgrasa〉sa |1,kgrb〉ra + |1,kgrbsb〉sb |1,kgrb〉rb
⇓
i|2,kgrasa〉sa + |1,kgrbsb〉sb |1,kgrb〉rb .
5. Repeatedly apply a sequence of four collective π
pulses kgra , krbsb , kgrb , krasa for ℓ − 2 times, and
one obtains
|ℓ,kgrasa〉sa + |ℓ− 1,kgrbsb〉sb |1,krbsb〉rb .
6. Apply a collective π pulse to flip the atom from
|ℓ− 1,kgrbsb〉sb |1,krbsb〉rb to |ℓ,kgrbsb〉sb and take
into account the normalized factor, and one obtains
a ℓth-order SW NOON state
|Ψ〉ℓ = (|ℓ,kgrasa〉sa + |ℓ,kgrbsb〉sb)/
√
2. (3)
According to the above procedure, the generation of
a ℓth-order SW NOON state needs totally 4ℓ + 2 light
pulses, the number of which is linear to ℓ. Note that
one needs two π pulses kgra and krasa to produce a first-
order SW state |1,kgrasa〉sa . Accordingly, two ℓth-order
SW states |ℓ,kgrasa〉sa and |ℓ,kgrbsb〉sb would consume
4ℓ light pulses. The ℓth-order SW NOON state is the
superposition of two ℓth-order SW states at the a and b
modes. Thus, we consider the above protocol close to be-
ing optimal, albeit the possibility of further improvement
is not entirely excluded.
Here we demonstrate how the SW NOON state can
be utilized as an atomic interferometer. Let’s assume
that, after the ℓth-order SW NOON state is prepared,
the atomic cloud moves to a new position with a dis-
placement ∆x. To measure ∆x, we apply a sequence of
operations reverse to the generation procedure, until the
last operation, i.e., the collective π pulse kgra . Detailed
calculations show that we obtain the superposition state
|Ψ′〉ℓ = (iei(kgrasa )·∆x(1 + eiℓ∆k·∆x)|1,kgrasa〉sa
+ eikgrb ·∆x(1− eiℓ∆k·∆x)|1,kgra〉ra)/
√
2, (4)
3where ∆k ≡ −kgrasa−kgrbsb . Note that, by applying an
ionizing electric field, the Rydberg state |1,kgra〉ra will
be ionized and a free electron will fly out of the atomic
ensemble. Thus, the state (4) can be measured onto the
|1,kgra〉ra basis, and the average result will reflect the
phase shift ℓ∆k ·∆x. Since the wave vectors of the light
pulses are known, this gives the displacement ∆x. The
phase shift is proportional to the order ℓ, and thus the
larger ℓ would bring ∆x the better precision.
III. ERROR ANALYSIS
In actual implementations, errors can always occur.
For instance, the precise number N of atoms in the en-
semble is normally unknown, and the atom number N
also varies for different experimental trials. This leads
to an uncertainty ∆N of the atom number, which is
∆N ≃ √N for large N . Since the collective Rabi fre-
quency Ωc of the π pulse kgrλ [20] is related to the atom
number N as Ωc ∝
√
N , ∆N would induce an impre-
cision in Ωc as ∆Ωc/Ωc ≃ 1/(2
√
N). This means that,
when a collective π pulse kgrλ is applied to flip one of
the atoms from |0〉 to |1,kgrλ〉rλ , there exists a proba-
bility p ≃ π2/(16N) that the flip fails. To generate a
ℓth-order SW NOON state, the total error introduced by
∆N is about π2ℓ/(8N). In lab, one can prepare an en-
semble of N ≈ 400 atoms, and thus the error is about
π2ℓ/(8N) ≈ 6% for order ℓ = 20.
Aside from the error induced by the uncertainty of the
atom number, the imperfect blockade mechanism and the
finite lifetime of the Rydberg state also introduces errors.
Attributed to these factors, each operation in our scheme
is implemented with a non-unity probability. We step
by step analyze all the operations from Step 1 to Step
6, and find that, these non-unity probabilities can be
categorized into five types, denoted as P I , P II , P III ,
P IVq , P
V
q , and the generated ℓth-order SW NOON state
should be rewritten approximately as
√
Pℓ(P IP IIP III)ℓ|Ψ〉ℓ, (5)
where Pℓ =
∏ℓ
q=1 P
IV
q P
V
q . Symbol q stands for the order
of the SW state during the generation process, and it
increases from 1 to ℓ as one produces the ℓth-order SW
NOON state. Accordingly, the probability for preparing
the ℓth-order SW NOON state is
P (ℓ) = Pℓ(P IP IIP III)ℓ. (6)
The total error accumulated by these operations is the
probability that one fails to generate the ℓth-order SW
NOON state, thus it reads E(ℓ) = 1 − P (ℓ). (The er-
ror induced by the uncertainty of atom number is not
included in E(ℓ).) Before evaluating E(ℓ), we shall first
analyze the origins of these probabilities.
The probability P I is introduced by the imperfect
blockade that occurs between the atoms of the same
mode when the pulse kgrλ flips one of the atoms from
|0〉 to |1,kgrλ〉rλ . In other words, there is an error that
two atoms are excited to the Rydberg state |2,kgrλ〉rλ
due to the non-infinite energy shift. This mechanics is
described by the following equations,
ic˙0 = −
√
NΩ
2
c1, (7)
ic˙1 = −iγ
2
c1 −
√
NΩ
2
c0 −
√
2NΩ
2
c2, (8)
ic˙2 = (∆e − iγ)c2 −
√
2NΩ
2
c1, (9)
where c0, c1, c2 stand for the amplitudes of |0〉,
|1,kgrλ〉rλ , |2,kgrλ〉rλ . Symbols γ/2 and γ are the de-
cay rates of |1,kgrλ〉rλ and |2,kgrλ〉rλ . Symbol ∆e is
the effective finite energy shift, and
√
NΩ,
√
2NΩ are
the corresponding two collective Rabi frequencies, which
have been assumed to be real. Since the amplitudes for
the states of more than two atoms being excited are sig-
nificantly suppressed due to the Rydberg blockade, we
have neglected them here and in the following. Besides,
we have assumed the number of atoms N ≫ 1 and the
coupling light pulses are all in resonance. The initial
condition describing this mechanics is c0(0) = 1, c1(0) =
0, c2(0) = 0. After applying the collective π pulse kgrλ
with the operation time ∆t = π/(
√
NΩ), one can ex-
press the probability for generating |1,kgrλ〉rλ from |0〉,
as P I = |c1(∆t)|2.
The probability P II characterizes the imperfect block-
ade that takes place between the atoms of the different
modes during ∆t. That is to say, there is an error that
the pulse kgrλ would flip one of the atoms from |0〉 to
|1,kgrλ〉rλ when another atom has already been excited
to |1,kgrλ¯〉rλ¯ . Accordingly, this mechanics is governed
by the following equations,
ic˙0 = −
√
NΩ
2
c1, (10)
ic˙1 = (∆e − iγ
2
)c1 −
√
NΩ
2
c0. (11)
The initial condition describing this mechanics is c0(0) =
1, c1(0) = 0, and one can express the probability for hold-
ing the atoms at the ground state, as P II = |c0(∆t)|2.
The probability P III is contributed by the decay rate
of the Rydberg state. The finite lifetime will inevitably
cause some loss when the atom is still at the Rydberg
state during ∆t, thus the probability for the atom re-
maining at the Rydberg state is P III = e−γ∆t.
These three types (P I , P II , P III) are all determined
by a shared Rabi frequency Ω or a shared operation time
∆t. Note that there is tradeoff between the imperfect
Rydberg blockade and the loss caused by the decay, and
a simple argument is that if we enhance the the magni-
tude of the Rabi frequency to shorten the operation time,
which reduces the loss from the Rydberg state, it will be
associated with more errors from the imperfect blockade.
4Therefore, there is an optimal Rabi frequency to max-
imize the value of P IP IIP III . By numerically solving
Eqs. (7-9) and Eqs. (10-11), one can easily obtain this
maximal value.
The probability P IVq reflects an error that one of
the atoms at |q − 1,kgrλsλ〉sλ |1,kgrλ〉rλ would be
flipped back to |q − 2,kgrλsλ〉sλ |2,kgrλ〉rλ when the
pulse krλsλ is applied to flip the atom from |q −
1,kgrλsλ〉sλ |1,kgrλ〉rλ to |q,kgrλsλ〉sλ . This mechanics
is described by the following equations,
i ˙˜c0 = −
√
qΩ˜
2
c˜1, (12)
i ˙˜c1 = −iγ
2
c˜1 −
√
qΩ˜
2
c˜0 −
√
2(q − 1)Ω˜
2
c˜2, (13)
i ˙˜c2 = (∆e − iγ)c˜2 −
√
2(q − 1)Ω˜
2
c˜1, (14)
where c˜0, c˜1, c˜2 are the amplitudes of |q,kgrλsλ〉sλ , |q −
1,kgrλsλ〉sλ |1,kgrλ〉rλ , |q−2,kgrλsλ〉sλ |2,kgrλ〉rλ . Sym-
bols
√
qΩ˜,
√
2(q − 1)Ω˜ are the corresponding two col-
lective Rabi frequencies, which have also been assumed
to be real. The initial condition describing this me-
chanics is c˜0(0) = 0, c˜1(0) = 1, c˜2(0) = 0. After ap-
plying the collective π pulse krλsλ with the operation
time ∆t˜q = π/(
√
qΩ˜), one can express the probability
for producing the qth-order SW state |q,kgrλsλ〉sλ , as
P IVq = |c˜0(∆t˜q)|2.
The origin of PVq is similar to P
III , it reflects the prob-
ability that the atom remains at the Rydberg state dur-
ing ∆t˜q, and thus P
V
q = e
−γ∆t˜q . The value of P IVq P
V
q
is determined by a shared Rabi frequency Ω˜ or a shared
operation time ∆t˜q. Likewise, one can calculate the max-
imal value of P IVq P
V
q by numerically solving Eqs. (12-14)
with q from 1 to ℓ.
To evaluate E(ℓ), we choose the parameters as, the
atom number N = 400, the lifetime of the Rydberg state
τ = 1/(2πγ) = 300 µs and 400 µs, and the energy shift
∆e varying from 20 MHz to 400 MHz. Accordingly,
Eq.(6) can be calculated in a numerical way. We obtain
the error E(ℓ) versus the energy shift ∆e, shown in Fig.2.
From the figure, we see that the larger the energy shift,
the smaller the error, and the error vanishes as ∆e tends
to infinity. This is an anticipated result since the error
E ∼ Ω2/∆2e. However, in actual experiment, ∆e cannot
be unlimitedly large. An intrinsic limitation originates
from the average distance of two Rydberg atoms, which
should be larger than the radius of each Rydberg atom.
In the limit of high density where the Rydberg atoms
remarkably overlap, our blockade model is inappropriate,
and a more elaborate mechanism should be taken into
account. This mechanism goes beyond the extent of our
paper and will not be discussed. Besides, as one readily
expects, the figure shows that the error is suppressed as
the lifetime of the Rydberg state becomes longer, and
is intensified when the order ℓ of the SW NOON state
FIG. 2: (Color Online) The figure demonstrates the error
E(ℓ) versus the energy shift ∆e under various order ℓ after
generating the SW NOON state. The solid data and the open
one respectively denote the lifetime of the Rydberg state with
τ = 300 µs and τ = 400 µs.
increases.
IV. EXPERIMENTAL REALIZATION
To design an atomic interferometer with sufficiently
high precision and relatively high fidelity, we use the
20th-order SW NOON state for the practical applica-
tion. The interferometer can be implemented by cold
alkali atoms. By choosing the suitable laser polariza-
tion, the two spacial modes a and b can be individually
addressed. The energy shift is isotropic due to the prop-
erty of repulsive van der Waals interaction. The life-
time of the Rydberg state with τ = 300 ∼ 400 µs is
achievable by exciting the atoms to the Rydberg s state
with a principal quantum number n = 100 [10]. In our
scheme, the energy shift ∆e of the Rydberg state can
be expressed as ∆e = −n11(c0 + c1n + c2n2)/r6 [17],
where the terms 1/r8 and 1/r10 are neglected due to
the dominating long-range property. For Rubidium,
c0 = 13, c1 = −0.85, c2 = 0.0034 [17], and thus an en-
semble of atoms with the radius R = 3.8 µm enables
the energy shift ∆e ≥ 300 MHz, which ensures the er-
ror E(20) < 3%, as illustrated in Fig.2. In a volume of
4π/3R3, a density of 1.7 × 1012 cm−3 allows N ≈ 400
atoms in an ensemble. Based on these estimated param-
eters above, we suggest to employ the one-dimensional
optical lattice as the experimental setup, where the size
of the ensemble can be controlled by tuning the angle
between the trapping light fields [18]. Finally, we should
point out that, to detect the displacement of atomic cloud
by the interferometer, the reverse operations to those in
the generation procedure should be considered, and thus
the total error is doubled. Fortunately, the field ioniza-
tion can be implemented with near-unity detection effi-
ciency [19]. Therefore, taking into account the error in-
5duced by the uncertainty of atom number, our proposed
atomic SW interferometer with a high precision (ℓ = 20)
can reach a high fidelity as F ≈ 1−2×(6%+3%) = 82%.
V. SUMMARY
By employing Rydberg blockade, we have demon-
strated an efficient scheme to deterministically produce
the atomic SW NOON state, of which, a direct applica-
tion is the atomic SW interferometer. Possible errors in
practical manipulations are analyzed, and the experimen-
tal realization also is suggested. Our proposed atomic
SW interferometer is far more efficient than the recent
experimentally demonstrated one, and holds promise in
the practical application.
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